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Abstract
Application of Krein space quantization to the linear gravity in de Sitter space-time
have constructed on Gupta-Bleuler vacuum state, resulting in removal of infrared diver-
gence and preserving de Sitter covariant. By pursuing this path, the non uniqueness of
vacuum expectation value of the product of field operators in curved space-time disap-
pears as well. Then the vacuum expectation value of the product of field operators can
be defined properly and uniquely.
Proposed PACS numbers: 04.62.+v, 03.70+k, 11.10.Cd, 98.80.H
1 Introduction
One of the challenging goals in theoretical physics is constructing a proper covariant quantiza-
tion of the gravitational field. The gravitational red-shift leads us to the conclusion that gravity
could be explained at least partially through geometry [1]. Two dominant views in geometry
have been utilized for this purpose. In the first perspective, geometry is completely defined by
the Riemannian curvature tensor Rµνρσ or equivalently by the metric tensor gµν (due to the
metric compatibility: ▽µgρν = 0, and torsion free condition Γρµν = Γρνµ). The gravitational field
can be explained by the Einstein field equation, confirming relatively well by the experimental
tests in the solar system scale. Moreover, the gravitational field is described by an irreducible
rank-2 symmetric tensor field gµν .
The other perspective for geometry discards the metric compatibility and torsion free con-
dition [2, 3]. In this schema, geometry is defined by the connection coefficients and metric
tensors (Γρµν , gµν)-or equivalently by physical quantities of Riemann curvature tensor, torsion
tensor and metric tensor (Rµνρσ, T
ρ
µν , gµν). In this view the gravitational field can not be de-
scribed by merely an irreducible rank-2 symmetric tensor field gµν . Instead the physical triplet
Rµνρσ, T
ρ
µν and gµν (RTg) determines the behaviour of the gravitational field. A special and
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simple case of this approach is Weyl geometry [4, 5], in which the linear approximation of the
gravitational field is described by a rank-3 mix-symmetry tensor field [6, 7, 8].
Because of infra-red and ultraviolet divergences, the quantum field theory (QFT) is prob-
lematic. These divergences not only may violate the principle of covariance and the gauge
symmetry, but prevent the calculation of the expectation value of physical quantities. Exertion
of certain additional methods such as ”re-normalization” have been able us to resolve just one
part of the above anomalies. These methods, however, have twofold problems: (1) they are
not a part of the fundamental theory of quantum mechanics and (2) they are not able to solve
many problems of quantum field theories such as quantum gravity. Distortion of concepts such
as time and causality are the first obstacles in the process of quantization of gravitational field.
Both of them have been removed in the ”background field” method, but quantum linear gravity
is not re-normalizable in this method.
It should be noted that the problem of divergences are not inherent in gravitational field
theory, but a defect inherited from quantum field theory. In other words, even in the Minkowsky
space-time, the quantization of the field theory results in divergences which have to be removed
arbitrarily, if possible, in order to preserve the compatibility with actual physical measurement.
In the case of the general relativity, however, one can not eliminate the divergences, i.e. the
theory is non-renormalizable. We have discussed that this anomaly in the QFT disappears in
Krein space quantization in the one-loop approximation.
The recent cosmological observations are strongly in favour of positive acceleration for
present universe and thus most suitably represented by de Sitter space-time. In other words,
de Sitter space-time is an excellent choice for representing the background space-time of our
universe. The linear quantum gravity in de Sitter space was studied thoroughly by Iliopoulos
et al. [9, 10]. They have shown that the pathological large-distance behavior (infra-red diver-
gence) of the graviton propagator on a de Sitter background does not manifest itself in the
quadratic part of the effective action in the one-loop approximation [9, 10]. This means that
the pathological behaviour of the graviton propagator may be gauge dependent and so should
not appear in an effective way as a physical quantity. The linear gravity (the traceless rank-2
“massless” tensor field) on de Sitter ambient space formalism was built rudimentary from the
minimally coupled scalar field [11]. It has been shown that the application of Krein space
quantization to the minimally coupled scalar field in de Sitter space has resulted in removal
of infrared and ultraviolet divergences and henceforth naturally maintained the principle of
causality [11, 12, 13]. Construction of linear gravity in de Sitter universe through Krein space
quantization which will present in this paper, pursuing a similar path for the earlier works
[13, 14]. A notable consequence of this construction is absence of divergence in Green function
at large distances, resulting in removal of infra-red divergence [13, 14]. This method was ap-
plied in various area of QFT and/or QED where all resulted in natural renormalization of the
solutions [15, 16, 17, 18, 19].
Although negative norm states appear in our method, by imposing the following conditions
they are effectively removed and the unitarity of theory is preserved:
i) The first condition is the ”reality condition” in which the negative norm states do not
appear in the external legs of the Feynmann diagram. This condition guarantees that the
negative norm states only appear in the internal legs and in the disconnected parts of the
diagram.
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ii) The second condition is that the S matrix elements must be renormalized in the following
form:
Sif ≡ probability amplitude = < physical states, in|physical states, out >
< 0, in|0, out > .
This condition eliminates the negative norm states in the disconnected parts.
In previous methods the choice of vacuum state directly affected the expectation values of
energy momentum tensor. In the present method, however, vacuum expectation values are
independent of the choice of modes. Although the expectation value of the energy momentum
tensor for physical states are dependent on the choice of modes, the expectation value of vacuum
states remains uniquely the same.
2 Krein space quantization
Let us briefly describe our quantization of the minimally coupled massless scalar field in de
Sitter space, which can be identified by a 4-dimensional hyperboloid embedded in 5-dimensional
Minkowskian space-time:
XH = {x ∈ IR5; x2 = ηαβxαxβ = −H−2}, α, β = 0, 1, 2, 3, 4, (2.1)
where ηαβ =diag(1,−1,−1,−1,−1) and H is Hubble parameter. For simplicity from now on
we take H = 1 in some equations and insert it again, whenever it is needed. The de Sitter
metrics is
ds2 = ηαβdx
αdxβ |x2=−H−2 = gdSµνdXµdXν, µ = 0, 1, 2, 3, (2.2)
where Xµ are 4 space-time intrinsic coordinates. Any geometrical object in this space can be
written either in terms of the four local coordinates Xµ or the five global coordinates xαwith
the condition (2.1) (ambient space formalism). The choices of bounded global coordinates
(Xµ, µ = 0, 1, 2, 3) is well suited for compactified de Sitter space, namely S3×S1 by the metric
ds2 = gdSµνdX
µdXν =
1
H2 cos2 ρ
(dρ2 − dα2 − sin2 α dθ2 − sin2 α sin2 θ dφ2). (2.3)
The minimally coupled massless scalar field is defined by
✷Hϕ(x) = 0, (2.4)
where ✷H is the Laplace-Beltrami operator on de Sitter space. In ambient space formalism the
solution can be written in terms of dS plane wave [20]
φ(x) = (Hx · ξ)σ,
where ξ lies on the positive null cone C+ = {ξ ∈ IR5; ξ · ξ = 0, ξ0 > 0} and σ = 0 or −3 is the
homogeneous degree of the scalar field. Due to the zero mode problem (or constant solution
σ = 0), one cannot construct a covariant quantum field in the usual manner [21]. An approach
to the solution of this problem has been achieved by introducing a specific Krein QFT [13].
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Here we review the construction of minimally coupled massless field in de Sitter space, which
will be used in linear quantum gravity in section 4. We return to intrinsic coordinates in order
to restore the covariance. The solution to the field equation (2.4) reads in the coordinate system
(2.3) (for L 6= 0 ) [13]:
φLlm(x) = XL(ρ)YLlm(Ω) ≡ φk, (2.5)
with
XL(ρ) =
H
2
[2(L+ 2)(L+ 1)L]−
1
2
(
Le−i(L+2)ρ + (L+ 2)e−iLρ
)
. (2.6)
And for L = 0, we have
φ000 = φg +
1
2
φs, φg =
H
2π
φs = −i H
2π
[ρ+
1
2
sin 2ρ].
The yLlm(Ω)’s are the hyper-spherical harmonics. As proved by Allen [21], the covariant canon-
ical quantization procedure with positive norm states fails in this case. The Hilbert space
generated by the positive modes, including the zero mode (φ000), is not de Sitter invariant [21],
H = {∑
k≥0
αkφk;
∑
k≥0
|αk|2 <∞}.
This means that it is not closed under the action of the de Sitter group generators. Nevertheless,
one can obtain a fully covariant quantum field by adopting a new construction [12, 13]. In order
to obtain a fully covariant quantum field, we have added all the conjugate modes to the previous
ones. Consequently, we have to deal with an orthogonal sum of a positive and negative inner
product space, which is closed under an indecomposable representation of the de Sitter group.
Now, the decomposition of the field operator into positive and negative norm parts is:
ϕ(x) =
1√
2
[ϕp(x) + ϕn(x)] , (2.7)
where
ϕp(x) =
∑
k≥0
akφk(x) +H.C., ϕn(x) =
∑
k≥0
bkφ
∗
k(x) +H.C.. (2.8)
The positive mode ϕp(x) is the scalar field as was used by Allen. The crucial departure from
the standard QFT based on CCR lies in the following form:
[ak, a
†
k′] = δkk′, [bk, b
†
k′] = −δkk′. (2.9)
The ground state is defined as the Gupta-Bleuler vacuum state:
ak|GB >= 0, bk|GB >= 0.
A direct consequence of this construction is the positivity of the energy i.e.
〈~k|T00|~k〉 ≥ 0,
for any physical state |~k〉 (those built from repeated action of the a†k’s on the vacuum state),
|~k〉 = |kn11 . . . knjj 〉 =
1√
n1! . . . nj !
(
a†k1
)n1
. . .
(
a†kj
)nj |GB〉.
This quantity vanishes if and only if |~k〉 = |GB〉. Therefore the “normal ordering” procedure
for eliminating the ultraviolet divergence in the vacuum energy, which appears in the usual
QFT is not needed [13]. Another consequence of this quantization is a covariant two-point
function, which is free of any infrared divergence [14].
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3 Scalar field in general curved space
In general curved space-time the scalar field equation is
✷ϕ+m2ϕ+ ζRϕ = 0. (3.1)
Here R is the Riemann scalar curvature, and ζ is a coupling constant. The inner product of a
pair of their solutions is defined by [22]
(φ1, φ2) = i
∫
(φ∗2
↔
∂µ φ1)dΣ
µ, (3.2)
where dΣµ = dΣnµ. dΣ is the volume element in a given space-like hyper-surface, and nµ is
the time-like unit vector normal to this hyper-surface. Let {φk} be a set of solutions of positive
norm states of Eq. (3.1),
(φk, φk′) = δkk′, (φ
∗
k, φ
∗
k′) = −δkk′, (φk, φ∗k′) = 0, (3.3)
then {φ∗k} will be a set of solutions of negative norm states. We have proved that the set {φk} is
not a complete set of solutions for minimally coupled scalar field in de Sitter space [13]. Thus,
in general, {φk, φ∗k} form a complete set of solutions of the wave equation, in terms of which
we may expand as an arbitrary solution. The field operator ϕ in Krein space quantization can
be written as a sum of positive and negative field operators:
ϕ =
1√
2
(ϕp + ϕn) =
1√
2
[∑
k
akφk + a
†
kφ
∗
k +
∑
k
bkφ
∗
k + b
†
kφk
]
,
or
ϕ =
∑
k
[
ak + b
†
k√
2
φk +
a†k + bk√
2
φ∗k
]
,
where
[ak, a
†
k′] = δkk′, [bk, b
†
k′] = −δkk′ ,
and the other commutation relations are zero. The Gupta-Bleuler vacuum state |GBφ〉 is
defined such as
ak|GBφ〉 = 0, bk|GBφ〉 = 0, (3.4)
and the physical and un-physical states are respectively:
a†k|BGφ〉 = |kφ〉, b†k|GBφ〉 = |k¯φ〉.
In curved space-time, there is, in general, no unique choice of the mode solution {φk, φ∗k},
and hence there exists no unique notion of the vacuum state. This means that the notion of
“particle” becomes ambiguous and as a consequences cannot be properly defined in general
curved space time. Let {Fj , F ∗j } be another set of solutions of the field equation. We may
choose these sets of solutions to be orthonormal
(Fj, Fj′) = δjj′, (F
∗
j , F
∗
j′) = −δjj′, (Fj, F ∗j′) = 0. (3.5)
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We may expand the φ-modes in terms of the F-modes:
φk =
∑
j
(αkjFj + βkjF
∗
j ). (3.6)
Inserting this expansion into the orthogonality relations, Eqs. (3.3) and (3.5), leads to the
conditions ∑
j
(αkjα
∗
k′j − βkjβ∗k′j) = δkk′, (3.7)
and ∑
j
(αkjαk′j − βkjβk′j) = 0. (3.8)
The inverse expansion is
Fj =
∑
k
(α∗kjφk − βkjφ∗k). (3.9)
The field operator ϕ in Krein space quantization may be expanded in terms of either of the
two sets: {φk, φ∗k} or {Fj, F ∗j }:
ϕ =
∑
k
[
ak + b
†
k√
2
φk +
a†k + bk√
2
φ∗k
]
=
∑
j

cj + d†j√
2
Fj +
c†j + dj√
2
F ∗j

 . (3.10)
The ak and a
†
k are annihilation and creation operators of physical state, respectively, in the
φ-modes, whereas the cj and c
†
j are the corresponding operators for the F-modes. bk, b
†
k and
dj, d
†
j are annihilation and creation operators of the un-physical states in their respective mode
solutions. The φ-vacuum state, which is defined by (3.4) describes the situation when no
particle (and un-physical state) is present in this state. The F-vacuum state is defined by
cj|GBF 〉 = 0, dj|GBF 〉 = 0 ∀j, and describes the situation where no particle (and un-physical
state) is present. Noting that ak = (ϕ, φk) and cj = (ϕ, Fj), we may expand the two sets of
creation and annihilation operator in terms of one another as
ak =
∑
j
(α∗kjcj − β∗kjc†j), b†k =
∑
j
(α∗kjd
†
j − β∗kjdj), (3.11)
and
cj =
∑
k
(αkjak + β
∗
kja
†
k), d
†
j =
∑
k
(αkjb
†
k + β
∗
kjbk). (3.12)
This is a Bogoliubov transformation, and the αkj and βkj are called the Bogoliubov coefficients.
In Krein space quantization, it is possible to describe the physical phenomenon of particle
creation by a time-dependent gravitational field similar to the usual quantization. The physical
number operator N cj = c
†
jcj counts particles in the F-modes. If any βkj coefficients are non-zero,
〈GBφ|N cj |GBφ〉 = 〈GBφ|c†jcj|GBφ〉 =
∑
k
|βkj|2, (3.13)
i.e. if any mixing of positive and negative frequency solutions are presented, then particles are
created by the gravitational field.
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One of the most fundamental problems of QFT in curved space-time is that the vacuum
expectation value of physical quantities (such as Tµν) is depend on the choice of vacuum states.
This is direct consequence of non-uniqueness of the vacuum states. In the Krein space quantiza-
tion in-spite of non-uniqueness of the vacuum states, which results in ambiguity of the concept
of particle, the choice of vacuum states does not affect the vacuum expectation value of physical
quantities. These quantities are defined uniquely by:
〈GBφ|Tµν |GBφ〉 = 0 = 〈GBF |Tµν |GBF 〉. (3.14)
However, the expectation value of Tµν on physical states depends on the choice of mode
〈kφ|Tµν |kφ〉 6= 〈jF |Tµν |jF 〉. (3.15)
It is noted again that Krein space quantization was proved to remove the divergences of QFT
in the one-loop approximation[13, 15, 18, 19] and as well the linear quantum gravity, which will
be considered in the next section.
4 Linear quantum gravity
The massless spin-2 field in dS space-time, hµν(X), can be considered as:
gµν = g
dS
µν + hµν , (4.1)
where gdSµν is the gravitational de Sitter background and hµν is the gravitational waves or the
fluctuation part. For “massless” tensor fields hµν(X), the wave equation which propagate on
de Sitter space can be derived through a variation of the action integral
S = − 1
16πG
∫
(R− 2Λ)√−g d4X, (4.2)
where G is the Newtonian constant and Λ is the cosmological constant. Application of the
variational calculus leads to the field equation
Rµν − 1
2
Rgµν + Λgµν = 0. (4.3)
The wave equation, which obtain in the linear approximation, is [23]:
−(✷H + 2H2)hµν − (✷H +H2)gµνh′ − 2∇(µ∇ρhν)ρ
+gµν∇λ∇ρhλρ +∇µ∇νh′ = 0, (4.4)
where h′ = hµµ. ∇ν is the covariant derivative on dS space. As usual, two indices inside
parentheses mean that they are symmetrized, i.e. T(µν) =
1
2
(Tµν + Tνµ). The field equation
(4.4) is invariant under the following gauge transformation
hµν −→ hgtµν = hµν + 2∇(µAν), (4.5)
where Aν is an arbitrary vector field. One can choose a general family of gauge conditions
∇µhµν = l∇νh′, (4.6)
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where l is an arbitrary constant. If the value of l is set to be 1
2
, the relation between unitary
representation and the field equation not only becomes clearly apparent but also reduces to a
very simple form. The tensor field notation Kαβ(x) (ambient space formalism) is adapted to
establish this relation.
The tensor field hµν(X) is locally determined by the tensor field Kαβ(x):
hµν(X) =
∂xα
∂Xµ
∂xβ
∂Xν
Kαβ(x(X)), Kαβ(x) = ∂X
ν
∂xα
∂Xµ
∂xβ
hµν(X(x)). (4.7)
The field Kαβ(x) which is defined on de Sitter space-time is a homogeneous function in the
IR5-variables xα:
xα
∂
∂xα
Kβγ(x) = x · ∂Kβγ(x) = σKβγ(x), (4.8)
where σ is an arbitrary degree of homogeneity. It also satisfies the conditions of transversality
[24]
x · K(x) = 0, i.e. xαKαβ(x) = 0, and xβKαβ(x) = 0. (4.9)
In order to obtain the wave equation for the tensor field K, we must use the tangential (or
transverse) derivative ∂¯ on de Sitter space
∂¯α = θαβ∂
β = ∂α +H
2xαx · ∂, x · ∂¯ = 0, (4.10)
where θαβ = ηαβ +H
2xαxβ is the transverse projector. To express tensor field in ambient space
formalism, transverse projection is defined [25, 26]
(TrprK)α1···αl ≡ θβ1α1 · · · θβlαlKβ1···βl .
The transverse projection guarantees the transversality in each index. Therefore, the covariant
derivative of a tensor field, Tα1....αn, in the ambient space formalism becomes
Trpr∂¯βKα1.....αn ≡ ∇βTα1....αn ≡ ∂¯βTα1....αn −H2
n∑
i=1
xαiTα1..αi−1βαi+1..αn,
so we have
∇µhνρ −→ θα′α θβ
′
β θ
γ′
γ ∂α′Kβ′γ′ . (4.11)
The field equation for K from (4.4) is shown to be [23, 26, 27]
B[(Q2 + 6)K(x) +D2∂2 · K] = 0, (4.12)
where operator B is defined as BT = T− 1
2
θT ′ with T ′ := ηαβTαβ . Q2 is the Casimir operator of
the de Sitter group and the subscript 2 in Q2 shows that the carrier space encompasses second
rank tensors [27]. The operator D2 is the generalized gradient
D2K = H
−2S(∂¯ −H2x)K, (4.13)
where S is the symmetrizer operator. The generalized divergence is defined by (∂2·):
∂2 · K = ∂T · K − 1
2
H2D1K′ = ∂ · K −H2xK′ − 1
2
∂¯K′, (4.14)
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where ∂T · K = ∂ · K−H2xK′ is the transverse divergence and D1 = H−2∂¯. One can invert the
operator B and hence write the equation (4.12) in the form
(Q2 + 6)K(x) +D2∂2 · K = 0. (4.15)
This equation is gauge invariant, i.e. Kgt = K+D2Λg is also a solution of (4.15) for any vector
field Λg satisfying the conditions: ∂ ·Λg = 0 = x ·Λg. The equation (4.15) can be derived from
the Lagrangian density
L = H
2
2
K..(Q2 + 6)K + (∂2 · K)2, (4.16)
where .. is a shortened notation for total contraction. The gauge fixing condition (4.6) reads in
our notations as
∂2 · K = (l − 1
2
)∂¯K′. (4.17)
For the value of l = 1/2, chosen by Christensen and Duff [28], we have
∂2 · K = 0. (4.18)
Similar to the flat space QED, gauge fixing is accomplished by adding to (4.16) a gauge
fixing term:
L = H
2
2
K..(Q2 + 6)K + (∂2 · K)2 + 1
α
(∂2 · K)2. (4.19)
The variation of L then leads to the equation [29]
(Q2 + 6)K(x) + cD2∂2 · K = 0. (4.20)
where c = 1+α
α
is a gauge fixing term. Actually, the simplest choice of c is not zero, as it will
be shown later.
In the general gauge condition (4.17) the gauge fixing Lagrangian is
L = H
2
2
K..(Q2 + 6)K + 1
2
(∂2 · K)2 + 1
α
[
∂2 · K − (l − 1
2
)∂¯K′
]2
. (4.21)
The field equation which derives from this Lagrangian becomes
(Q2 + 6)K(x) +D2∂2 · K + 1
α
[
D2∂2 · K + (l − 1
2
)2η(∂¯)2K′ − (l − 1
2
)(D2∂¯K′ − S∂¯∂2 · K)
]
= 0.
Clearly this equation is more complicated than (4.20) obtained by the choice of l = 1
2
. In the
following we shall work with the choice l = 1
2
only.
4.1 Gupta-Bleuler triplet
The appearance of the Gupta-Bleuler triplet seems to be a universal phenomenon in gauge
theories, and indeed a crucial element for field quantization [30]. The ambient space formal-
ism allows us to exhibit this triplet for the linear gravity in exactly the same manner as the
electromagnetic field quantization. Let us now define the Gupta-Bleuler triplet Vg ⊂ V ⊂ Vc,
carrying the indecomposable representation of de Sitter group:
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- The space Vc is the space of all square integrable solutions of the field equation (4.20),
including negative norm states. It is c dependent so that one can actually adopt an optimal
value of c which eliminates logarithmic divergent [29]. In the next section, we will show
that this particular value is c = 2
5
. More generally, for a spin s field, c = 2/(2s+1) is the
proper value [25].
- It contains a subspace V of solutions, satisfying the divergencelessness condition ∂ ·K = 0.
This subspace V is not invariant under the action of the de Sitter group generators. In
view of Eq. (4.20), it is obviously c independent as well.
- The subspace Vg of V consists of the pure gauge solutions of the form Kg = D2Kg with
∂ · Kg = 0. These are orthogonal to every element in V , including themselves. This
subspace Vg is also not invariant under the action of the de Sitter group generators.
The pure gauge vector field Kg, which correspond to the vector space Vg, satisfy the field
equation [31]:
(Q1 + 6)Kg(x) = 0, x ·Kg = 0 = ∂ ·Kg,
Q1 is the Casimir operator of the de Sitter group and the subscript 1 reminds us that the carrier
spaces do encompass vector field. The vector field Kg can be transformed by the representation
U1,2(g), which does not belong to any UIR of de Sitter group. The vector field K(x) = ∂2 · K
belonging to the space Vc/V , satisfy the following field equation [31]:
(Q1 + 6)K(x) = 0, x ·K = 0 = ∂ ·K.
Similar to the above pure gauge field, K can be transformed by the representation U1,2(g). The
tensor field K, which correspond to the subspace V , satisfies the field equation:
(Q2 + 6)K(x) = 0, ∂ · K = 0.
The physical states belong to the quotient space V/Vg. The physical states can be transformed
by the spin-2 unitary irreducible representations of the dS group (Π+2,2
⊕
Π−2,2) that admit a
Minkowskian massless spin-2 interpretation [31].
4.2 dS-field solution
A general solution of equation (4.20) can be constructed by a scalar field and two vector fields.
Let us introduce a tensor field K in terms of a five-dimensional constant vector Z = (Zα) and
a scalar field φ1 and two vector fields K and Kg by putting
K = θφ1 + SZ¯1K +D2Kg, (4.22)
where Z¯1α = θαβZ
β
1 . Substituting K into (4.20), using the commutation rules and following
algebraic identities [26, 29, 32, 33]:
Q2θφ = θQ0φ, (4.23)
∂2 · θφ = −H2D1φ, (4.24)
Q2D2Kg = D2Q1Kg, (4.25)
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∂2 ·D2Kg = −(Q1 + 6)Kg, (4.26)
Q2SZ¯K = SZ¯(Q1 − 4)K − 2H2D2x · ZK + 4θZ ·K, (4.27)
∂2 · SZ¯1K = Z¯1∂1 ·K −H2D1Z ·K −H2xZ ·K + Z · (∂¯ + 5H2x)K, (4.28)
we find that K obeys the wave equation
(Q1 + 2)K + cD1∂ ·K = 0, x ·K = 0.
Q0 is the Casimir operators of the de Sitter group which act on scalar field. If we impose the
supplementary condition ∂ ·K = 0, we get
(Q1 + 2)K = 0, x ·K = 0 = ∂ ·K. (4.29)
The vector field K as a consequences of their conditions could be transformed as a repre-
sentation of de Sitter group [34, 35]. The further following choice of condition
φ1 = −2
3
Z1 ·K, (4.30)
results in
(Q1 + 6)Kg =
c
2(c− 1)H
2D1φ1 +
2− 5c
1− c H
2x · Z1K+
c
1− c(H
2xZ1 ·K − Z1 · ∂¯K), (4.31)
where Kg can be also determined in terms of K. Then the scalar field φ1 satisfies the following
wave equation
Q0φ1 = 0, (4.32)
where φ1 is a “massless” minimally coupled scalar field. If we chose c =
2
5
, then we get the
simplest form for Kg.
Kg =
1
9
(
H2xZ1 ·K − Z1 · ∂¯K + 2
3
H2D1Z1 ·K
)
. (4.33)
In conclusion, if we know the vector field K, we will also know the tensor field K.
The vector field K in de Sitter space was explicitly studied in previous papers [34, 35]. It
can be written in terms of two scalar field φ2 and φ3:
Kα = Z¯2αφ2 +D1αφ3. (4.34)
Applying Kα to equation (4.29) result in the following equations
Q0φ2 = 0,
φ3 = −1
2
[Z2 · ∂¯φ2 + 2H2x · Z2φ2], (4.35)
where φ2 is also a “massless” minimally coupled scalar field. Therefore, we can construct the
tensor field K in terms of two “massless” minimally coupled scalar fields φ1 and φ2. But both
fields are related by (4.30). Therefore, one can write
Kαβ(x) = Dαβ(x, ∂, Z1, Z2)φ, φ = φ2, (4.36)
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where
D(x, ∂, Z1, Z2) =
(
−2
3
θZ1 ·+SZ¯1 + 1
9
D2(H
2xZ1 · −Z1 · ∂¯ + 2
3
H2D1Z1·)
)
(
Z¯2 − 1
2
D1(Z2 · ∂¯ + 2H2x · Z2)
)
, (4.37)
and φ is a “massless” minimally coupled scalar field, which was given by equation (2.5). The
solution (4.36) can be written as
Kαβ(x) = Dαβ(x, ∂, Z1, Z2)φLlm(x) = Dαβ(x, ∂, Z1, Z2)XL(ρ)yLlm(Ω). (4.38)
Z1 and Z2 are two constant vectors. We choose them in such a way that in the limit H = 0,
one can obtain the polarization tensor in the Minkowskian space ǫµν(k) [36]:
lim
H→0
Dαβ(x, ∂, Z1, Z2)XL(ρ)yLlm(Ω)
H
√
H
≡ ǫµν(k)e
ik.X
√
k0
, (4.39)
where
kµǫµν(k)− 1
2
kνǫ
ν
ν(k) = 0, ǫµν(k) = ǫνµ(k), k
νkν = 0. (4.40)
Finally, we can write the solution under the form
Kαβ(x) = Dλαβ(x, ∂)φLlm(ρ,Ω) ≡ Eλαβ(ρ,Ω, Llm)φLlm(ρ,Ω), (4.41)
where E is the generalized polarization tensor and the index λ runs on all possible polarization
states. The explicit form of the polarization tensor is actually not important here [31]. Indeed,
one can find the two-point function by just using the recurrence formula (4.22). In order to
determine the generalized polarization tensor E , we let the projection operator D acts on the
scalar field (2.5) and takes the Minkowskian limit (4.39).
The solution (4.22) is traceless K′ = 0. Let us now consider the pure trace part (conformal
sector)
Kpt = 1
4
θψ. (4.42)
Implementing this to equation (4.20), we obtain
(Q0 + 6)ψ +
c
2
Q0ψ = 0,
or
(Q0 +
12
2 + c
)ψ = 0. (4.43)
On the other hand, any scalar field corresponding to the discrete series representation of the
dS group obeys the equation
(Q0 + n(n+ 3))ψ = 0. (4.44)
Hence, we see that the value c = 2
5
does not correspond to any unitary irreducible representa-
tions of the dS group. For c = 2
5
the conformal sector satisfies:
(✷H − 5H2)ψ = 0.
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Difficulties arise when we attempt to quantize these fields where the mass square has negative
values (conformal sector with c > −2 and discrete series with n > 0). The two-point functions
for these fields have a pathological large-distance behavior. If we choose c < −2, this behavior
for the conformal sector will disappear (although it is still present in the trace-less part). In
the following sections, the advantage of Krein space quantization vividly shows itself where the
pathological large-distance behavior disappears in the trace-less part. In the next section, we
shall merely consider the traceless part, since it bears the physical states.
4.3 Two-point function
The quantum field theory of the “massive” spin-2 field (divergenceless and traceless) have been
already constructed from the Wightman two-point function Wναβα′β′ [27]:
Wναβα′β′(x, x′) = 〈Ω,Kαβ(x)Kα′β′(x′)Ω〉, α, β, α′, β ′ = 0, 1, .., 4, (4.45)
where x, x′ ∈ XH and | Ω〉 is the Fock vacuum state which is equivalent to the Bunch-Davies
vacuum state. We have found that this function can be written under the form
Wναβα′β′(x, x′) = Dαβα′β′(x, x′; ν)Wν(x, x′), (4.46)
where Dαβα′β′(x, x
′; ν) is the projection tensor and Wν(x, x′) is the Wightman two-point func-
tion for the massive scalar field. Of course, we could crudely replace ν (principal-series param-
eter) by ±3
2
i in order to get the “massless” tensor field which associated to linear quantum
gravity in dS space. However, this procedure leads to appearance of two types of manageable
singularities in the definition of the two-point function W±
3
2
i
αβα′β′(x, x
′). The first one appears in
the projection tensor Dαβα′β′(x, x
′;±3
2
i) which could be removed by fixing the gauge (c = 2
5
).
The other appears in the scalar two-point functionW± 32 i(x, x′), corresponding to the minimally
coupled scalar field, that is removed by Krein space quantization.
Let us briefly recall the required conditions for the “massless” bi-tensor two-point function
W, which is defined by
Wαβα′β′(x, x′) = 〈GB|Kαβ(x)Kα′β′(x′)|GB〉, (4.47)
where |GB〉 is Gupta-Bleuler vacuum state [13]. These functions entirely encode the theory of
the generalized free fields on dS space-time XH . They have to satisfy the following requirements:
a) Indefinite sesquilinear form for any test function fαβ ∈ D(XH), we have an indefinite
sesquilinear form that is defined by∫
XH×XH
f ∗αβ(x)Wαβα′β′(x, x′)fα′β′(x′)dσ(x)dσ(x′), (4.48)
where f ∗ is the complex conjugate of f and dσ(x) denotes the dS-invariant measure on
XH . D(XH) is the space of rank-2 tensor functions C∞ with compact support in XH .
b) Locality for every space-like separated pair (x, x′), i.e. x · x′ > −H−2,
Wαβα′β′(x, x′) =Wα′β′αβ(x′, x). (4.49)
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c) Covariance for all g ∈ SO0(1, 4),
(g−1)γα(g
−1)δβWγδγ′δ′(gx, gx′)gγ
′
α′g
δ′
β′ =Wαβα′β′(x, x′). (4.50)
d) Index symmetrizer
Wαβα′β′(x, x′) =Wβαβ′α′(x, x′). (4.51)
e) Transversality
xαWαβα′β′(x, x′) = 0 = x′α′Wαβα′β′(x, x′). (4.52)
f) Tracelessness
Wααα′β′(x, x′) = 0 =W α
′
αβα′ (x, x
′). (4.53)
The two-point function Wαβα′β′(x, x′), which is a solution of the wave equation (4.20) with
respect to x and x′, can be found simply in terms of the scalar two-point function. Let us try
the following formulation for a transverse two-point function:
Wαβα′β′(x, x′) = θαβθ′α′β′W0(x, x′) + SS ′θα · θ′α′W1ββ′(x, x′) +D2αD′2α′Wgββ′(x, x′), (4.54)
note that D2D
′
2 = D
′
2D2 and W1 and Wg are transverse bi-vector two-point functions which
will be identified later. The calculation of Wαβα′β′(x, x′) could be initiated from either x or x′,
without any difference. This means, other choices result in the same equation forWαβα′β′(x, x′).
By imposing this function to obey equation (4.20), with respect to x, it is easy to show that:


(Q0 + 6)θ
′W0 = −4S ′θ′ · W1, (I)
(Q1 + 2)W1 = 0, (II)
(Q1 + 6)D
′
2Wg = c1−cH2D1θ′W0 +H2S ′
[
2−5c
1−c
(x · θ′)
+ c
1−c
(
D1θ
′ ·+xθ′ · −H−2θ′ · ∂¯
)]
W1, (III)
(4.55)
where the condition ∂.W1 = 0 is used. By imposing the following condition
θ′W0(x, x′) = −2
3
S ′θ′ · W1(x, x′), (4.56)
the bi-tensor two-point function (4.54) can be written explicitly in terms of bi-vector two-point
functionW1. The bi-vector two-point functionW1 can be written in the following form [34, 35]
W1 = θ · θ′W2 +D1D′1W3,
where W2 and W3 are bi-scalar two-point functions. They satisfy the following equations
D′1W3 = −
1
2
[
2H2(x · θ′)W2 − θ′ · ∂¯W2
]
,
Q0W2 = 0.
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This means, W2 is a massless minimally coupled bi-scalar two-point function. Putting W2 =
Wm, we have
W1(x, x′) =
(
θ · θ′ − 1
2
D1[θ
′ · ∂¯ + 2H2x · θ′]
)
Wm(x, x′). (4.57)
Using (4.56) in (4.55-III), we have
(Q1 + 6)D
′
2Wg =
cH2
1− cH
2S ′
[
2− 5c
c
(x · θ′)W1 + 1
3
D1(θ
′ · W1) + x(θ′ · W1)−H−2θ′ · ∂¯W1
]
.
By using the following identities [34, 33]
(Q0 + 6)
−1(x · θ′)W1 = 1
6
[
1
9
D1(θ
′ · W1) + (x · θ′)W1
]
,
(Q1 + 6)θ
′ · ∂¯W1 = 6θ′ · ∂¯W1 + 2H2D1(θ′ · W1),
(Q1 + 6)D1θ
′ · W1 = 6D1(θ′ · W1),
(Q1 + 6)xθ
′ · W1 = 6x(θ′ · W1),
one can obtain
D′2Wg(x, x′) =
cH2
6(1− c)S
′
[
2 + c
9c
D1θ
′ · W1 + 2− 5c
c
x · θ′W1 + xθ′ · W1 −H−2θ′ · ∂¯W1
]
.
(4.58)
By using equations (4.56 − 58), it turns out that the bi-tensor two-point function can be
written in the following form (c = 2
5
):
Wαβα′β′(x, x′) = ∆αβα′β′(x, x′)Wm(x, x′), (4.59)
where
∆(x, x′) = −2
3
S ′θθ′ ·
(
θ · θ′ − 1
2
D1[2H
2x · θ′ + θ′ · ∂¯]
)
+SS ′θ · θ′
(
θ · θ′ − 1
2
D1[2H
2x · θ′ + θ′ · ∂¯]
)
+
H2
9
S ′D2
(
2
3
D1θ
′ ·+xθ′ · −H−2θ′ · ∂¯
)(
θ · θ′ − 1
2
D1[2H
2x · θ′ + θ′ · ∂¯]
)
, (4.60)
andWm is the two-point function for the minimally coupled scalar field. The bi-scalar two-point
function Wm in the “Gupta-Bleuler vacuum” state is [14]
Wm(x, x′) = iH
2
8π2
ǫ(x0 − x′0)[δ(1− Z(x, x′)) + ϑ(Z(x, x′)− 1)], (4.61)
where ϑ is the Heaviside step function and
ǫ(x0 − x′0) =


1 x0 > x′0,
0 x0 = x′0,
−1 x0 < x′0.
(4.62)
Z is an invariant object under the isometry group O(1, 4). It is defined for x and x′ on the dS
hyperboloid by:
Z ≡ −x · x′ = 1 + 1
2
(x− x′)2.
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4.4 Tensor Field operator
Detailed knowledge of the two point function, Wαβα′β′(x, x′), enable us to construct quantum
field operators. The tensor fields K(x) is expected to be an operator-valued distribution on XH .
Note that K(x) acts on a complex vector space V with an indefinite metric. In terms of complex
vector space and field-operator, the properties of the two-point function W are equivalent to
the following properties:
1. Existence of an indecomposable representation of the dS group.
2. Existence of at least one “vacuum state” |GB >, cyclic for the polynomial algebra
of field operators and invariant under the indecomposable representation of dS group.
3. Existence of a complex vector space V with an indefinite sesquilinear form that can
be described as the direct sum
V = V0
⊕
[
∞⊕
n=1
SV
⊗
n
1 ]. (4.63)
S denotes the symmetrization operator and V0 = {λ|GB >, λ ∈ lC}. V1 ≡ Vc is defined
with the indefinite sesquilinear form
(Ψ1,Ψ2) =
∫
XH×XH
Ψ∗αβ1 (x)Wαβα′β′(x, x′)Ψα
′β′
2 (x
′)dσ(x)dσ(x′), (4.64)
where Ψαβ ∈ D(XH).
4. Covariance, the field operator can be transformed by an indecomposable representation
of dS group,
U(g)Kαβ(x)U(g−1) = gγαgδβKγδ(gx). (4.65)
5. Locality for every space-like separated pair (x, x′)
[Kαβ(x),Kα′β′(x′)] = 0. (4.66)
6. Transversality
x · K(x) = 0. (4.67)
7. Index symmetrizer
Kαβ = Kβα. (4.68)
8. Tracelessness
K αα = 0. (4.69)
We now define the field operator that satisfies the above properties and provides the two-
point function (4.59). Using the Eqs. (4.41) and (2.8), the field operator in Krein space is
defined as
Kαβ(x) =
∑
λLlm
aλLlmEλαβ(ρ,Ω, Llm)φLlm(ρ,Ω) +H.C.
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+
∑
λLlm
bλLlm
[
Eλαβ(ρ,Ω, Llm)φLlm(ρ,Ω)
]∗
+H.C., ∀ 0 ≤ l ≤ L, −l ≤ m ≤ l. (4.70)
The Gupta-Bleuler vacuum is defined by
aλLlm|GB >= 0, bλLlm|GB >= 0. (4.71)
The commutation relation between the annihilation and creation operators are:
[aλLlm, a
†λ′
L′l′m′ ] = f(λ)δλλ′δLL′δll′δmm′ ,
[bλLlm, b
†λ′
L′l′m′ ] = −f(λ)δλλ′δLL′δll′δmm′ ,
where f(λ) is a sign function (positive or negative) defined as:
f(λ) ≡
{
1 for λ = 1, ..., 6,
−1 for λ = 7, ..., 10. (4.72)
In this case, we have 10 polarization states for a modes and 10 polarization states for b
modes, amongst which two of them are physical (transverse traceless positive frequency mode).
These modes can be defined by:
(aλLlm)
†|0 >= |1λ(a)Llm >≡ |physical state >, λ = 1, 2.
There are two type of un-physical states. The first type is the usual mode, which appear due
to the gauge invariance of the field equation. These un-physical positive frequency modes are:
(aλLlm)
†|0 >= |1λ(a)Llm >≡ |unphysical state >, λ = 3, ...., 8,
four of which have negative norms. The other un-physical states are due to the Krein space
quantization with negative frequency mode:
(bλLlm)
†|0 >= |1λ(b)Llm >≡ |unphysical negative frequency state >, λ = 1, .., 10.
Let us insist here that the Krein procedure allows us to avoid the pathological large-distance
behaviour of the graviton propagator and preserves the de Sitter invariant.
5 Conclusion and outlook
In this construction, even though we have introduced the artificial device of Krein space quan-
tization, the physical quantities always refer to states with positive frequency. We conclude
that with the conditions i) and ii) in page 3, the un-physical states do not contribute to the S
matrix elements, so unitarity preserve. Even thought un-physical states have disappeared from
the physical subspace, their impact on automatic regularization of two-point function remains
as an excellent tool for resolving the problem of infra-red divergences.
This construction although successfully removes the infra-red divergence and preserves the
de Sitter covariance for quantum linear gravity, does not maintain the analyticity of the two-
point function. Another problematic issue in this approach is the difference between the in-
troduced vacuum state (Gupta-Bleuler vacuum) with the Bunch-Davies vacuum state which
17
commonly use for QFT in de Sitter space. In the forthcoming paper (Quantum Linear Gravity
in de Sitter Universe On Bunch-Davies vacuum state), these obstacles are successfully removed
[37].
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